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ABSTRACT 
Bubble dynamics in vibrated liquids is studied both analytically and 
experimentally for  normal  and simulated low gravity conditions. Attention 
is focused on migration of bubbles to  various locations within the tank when 
axisymmetr ic  dynamic p res su re  conditions exist .  A theory is developed to 
predict finite size bubble behavior, including na tura l  frequencies of coupled 
axisymmetr ic  modes of the sys tem as well as average induced buoyancy force 
imparted t o  the bubble through the vibration. 
with experimental  observations fo r  a captive bubble in a ver t ical ly  oriented 
tank and with results of a previous theory in which only sma l l  bubbles a r e  
allowed. It is found that smal l  bubble theory is no longer valid for bubble- 
to-tank radius ra t ios  grea te r  than 0.05. 
Calculated resu l t s  a r e  compared 
Additional experimental  observations a r e  performed in a horizontally 
oriented tank in which a captive bubble experiences ze ro  gravity force in the 
horizontal direction. Longitudinal excitation of the sys tem in this condition 
readily causes bubble migration to various points in the tank, even for very  
low acceleration inputs. 
input conditions. 
bubble migration under orbital  conditions. 
Similar bubble behavior i s  displayed under random 
It is concluded that low noise level accelerations can cause 
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I. INTRODUCTION 
The presence of bubbles in liquid propellants of space vehicles i s  
well recognized to be a potential hazard to high-speed turbomachinery and a 
possible cause of excessive thrust  fluctuations. 
pure,  bubble-free propellant be supplied to rocket engines at  a l l  t imes,  
including r e s t a r t s  from orbit  a s  well as during launches f rom r e s t  positions. 
Thus, it i s  essential  that 
Because of the physical nature of cryogenic liquids and the space 
environment, the formation of bubbles within the body of liquid propellants 
occurs  readily through severa l  mechanisms. Normal boiling, liquid surface 
agitation, and nucleation caused by reduction of ullage p r e s s u r e  during vent- 
ing operations a r e  some of these mechanisms. 
bubbles subsequent to their  formation is then what determines whether they 
will vent into the ullage or  will be caught into the outlet flow s t r e a m  of the 
propellant during the boost phase, or whether they will vent o r  collect a t  
undesirable locations within the tank while in the low gravity environment of 
the orbi ta l  phase. 
The dynamic behavior of 
Neglecting tempera ture  gradient effects, it appears  that there  a r e  
three  significant fo rces  that influence the dynamic behavior of moving 
bubbles--the steady acceleration buoyancy, the drag force  result ing f r o m  
liquid viscosity,  and an average induced buoyancy force  which resu l t s  f rom 
p r e s s u r e  oscillations within the liquid. Of these three ,  perhaps the vibra-  
tionally induced buoyancy fo rce  i s  currently the leas t  understood. 
Although the dynamic behavior of bubbles has  long been the subject 
of numerous studies, it has  only been within the last severa l  y e a r s  that 
bubble dynamics in space vehicle applications has  been considered. 
the ea r l i e r  reviews f r o m  this point of view was given by Dodge [ 1 ]t, who 
discussed a l l  three forces  affecting bubble motions. 
discussion of bubble behavior under steady gravity and drag  forces  only has  
been given by F r i t z  [2], while Kana 131 has  recently discussed how bubbles 
can influence the overal l  longitudinal vibration of a liquid-elastic tank sys tem 
through their  effect on the internal p re s su re  distribution. 
papers  have extensive reference l is ts  on the subject. 
bubble dynamics to overall  liquid propellant problems has  been discussed by 
Dachs [4] 
(coalescence in liquids in a vibrating column). 
One of 
A much m o r e  recent  
These th ree  
The relationship of 
He r e f e r s  to the bubble coalescence phenomenon a s  CILIVIC 
t N u m b e r s  in brackets  r e f e r  to the references cited a t  the end of the report .  
Several investigations have been conducted to  de te rmine  the effects 
of steady gravity and vibrational fo rces  only. 
ga tors  had observed pecul iar  behavior of bubbles and bubble c lus t e r s  in 
vibrated tanks, Bleich [ 5, 61 w a s  one of the f i r s t  to c o r r e l a t e  experimental  
observations with a theory developed f o r  bubbles that a r e  small re la t ive to 
the tank dimensions. The r e su l t s  of this  ear ly  investigation s t i l l  appear  to 
be one of the most  useful methods of estimating bubble behavior,  a s  will be  
shown l a t e r  in the p re sen t  repor t .  
Although a number of investi-  
Kana and Dodge [ 75 found good correlat ion between the r e su l t s  of 
experimental  observations and the predict ions of Ble ich ' s  theory for  small 
bubbles in elastic cyl inders .  
required to move sma l l  bubbles against  a 1-g steady buoyancy was in genera l  
relatively large,  but could be  quite smal l  in the vicinity of the na tura l  axi-  
symmetr ic  modes of oscil lation in the liquid-tank sys tem.  It w a s  a l so  shown 
experimentally that the bubbles tended to behave isothermally,  r a the r  than 
adiabatically. This  resu l t  coincided with an e a r l i e r  theoret ical  investigation 
of P l e s s e t  and Hsieh [ 81. 
s imi l a r  investigations were  conducted by F r i t z ,  et  al. 
and Overcamp [ 101. 
It w a s  found that the vibrational amplitude 
Subsequent to the work of Kana and Dodge [ 71, 
[ 9 ] ,  and Schoenhals 
Although al l  of the previous work on bubble dynamics in vibrated 
liquids has  been concentrated on the c a s e  of bubbles that a r e  sma l l  re la t ive  
to the tank dimensions, it h a s  amply been shown that the osci l la tory p r e s -  
s u r e  distribution within the liquid i s  an inherent p a r t  of the problem, That 
is, bubble motion is influenced by both the amplitude and gradient  of the 
p r e s s u r e  field a t  the bubble location. 
possible,  depending on the type and frequency of excitation that the sys t em 
experiences.  This situation is fur ther  complicated by the fact  that the com- 
pliance of the bubble itself can influence this p r e s s u r e  distribution if i ts  s ize  
becomes significant re la t ive to the tank dimensions.  
Thus,  a var ie ty  of bubble behavior i s  
Kana [ 31 has  pointed out that an elast ic  cylinder containing liquid can  
respond in several  f o r m s  when excited by longitudinal vibration, However, 
only two f o r m s  of the response,  one l inear  and one nonlinear,  appear  espe-  
cially significant to  bubble dynamics in that they can cause  l a rge  axisym- 
m e t r i c  p r e s s u r e  responses  for  relatively small longitudinal inputs, 
p resent ,  we shall consider  only l inear  p r e s s u r e  fields.  Severa l  investigators 
recently have studied these  l inear  ax isymmetr ic  modes  of a longitudinally 
excited cylinder containing bubble-free liquid. 
of this work appears  in Reference [ 31 A good knowledge of these  modes  of 
oscil lation in the liquid-tank sys t em i s  essent ia l  in that they f o r m  the excit- 
ing mechanism fo r  the l imiting c a s e  of small bubbles in a given system. 
F o r  the 
An extensive re ference  l i s t  
L 
2 
I -  
In al l  of the above work on bubble dynamics, l i t t le recognition has  
been given to the possible problems of bubble behavior in a low gravity 
environment or  the effects of finite bubble s ize  relative to the tank dimen- 
sions. The purpose of the present  work is  to delve fur ther  into these two 
aspec ts  of the bubble dynamics problem. Poss ib le  bubble problems in a low 
gravity environment will be emphasized by showing that very small  vibra-  
tional forces ,  such as can be induced by on-board support equipment in 
orbit ,  can move bubbles about, perhaps causing them to collect in undesir-  
able locations, when only a weak steady buoyancy force  is present .  
the average vibrational force  will be specifically investigated by considering 
it to be  completely independent of drag fo rces  and only weakly dependent on 
gravity forces .  
anced captive bubbles, and it will be shown that random excitation, as well a s  
sinusoidal excitation, has a strong influence on the bubble behavior. 
l inear  p r e s s u r e  responses  under longitudinal excitation will be considered. 
A theory is developed for  finite s ize  bubbles, but it is shown by comparison 
that the  much s impler  theory of Bleich [ 5, 61 can be  used for  reasonable 
approximations of bubble behavior f o r  smal le r  bubble s izes .  
the present  work the emphasis i s  on bubble behavior in low gravity environ- 
ments ,  it  is recognized that the results a r e  also applicable to  noriiial gravity 
conditions. 
Thus, 
Low gravity effects will be simulated by using counterbal- 
Only 
Although in 
3 
11. ANALYTICAL CONSIDERATIONS 
Although this section includes an  analytical development leading to the 
prediction of vibrational fo rces  induced on finite s ize  bubbles, the ent i re  work 
is basically experimental, s o  that it emphasizes the techniques developed to  
simulate bubbles in a low gravity environment. The vibrational force induced 
on bubbles will be studied for longitudinal excitation both in a vertically 
oriented tank having a f r ee  surface and in a horizontally oriented tank without 
a f r e e  surface.  However, the theory will be applied only to the vertically 
oriented tank. Therefore,  this section begins with a discussion of pertinent 
var iables  involved in the physical system of the vertically oriented tank and 
the equations resulting f rom a dimensional analysis of them. Subsequently, 
the theoretical  analysis of these variables then follows. 
Dimensional Analysis 
In the study of the behavior of bubbles under the influence of both steady 
buoyancy and vibrational forces  in  a vertically oriented and vibrated tank, 
ultimately- the experiments can conveniently be separated into the de te rmina-  
tion of two independent var iables .  F i r s t ,  for a given bubble located a t  some 
point in the liquid in a specified elast ic  tank, one must  determine the natural  
frequencies of the axisymmetr ic  modes of oscillation of the combined sys tem,  
The relationship of the exciting frequency to  these natural  modes then has  a 
profound influence on the induced vibrational force experienced by the bubble 
in the forced system. 
Thus, a coupled natural  frequency parameter  can be expressed  a s  
where the use of the equivalent sonic velocity Ce implies the existence of a 
plane wave p r e s s u r e  distribution in  the liquid-elastic tank column when a 
bubble is not present .  
for liquid depths only in the range H / a  > 2 along with the range of other va r i a -  
bles which we will be considering. 
ooi of the system, then, for the forced vibration problem, the average induced 
vibrational force can be expressed as: 
This approximation has been shown to be valid [ 111 
Upon determining the natural  frequency 
5 
a , b q  C2 (2) 
go c o  goa 
Equations (1) and (2 )  show all the var iables  considered pertinent in the present  
study. 
and the force exerted on the bubble in a s ta t ic  position will be studied. The 
force  parameter  given in Equation (2)  is  the r a t io  of the induced vibrational 
force to  the static buoyancy force result ing f rom a 1-go axial acceleration. 
It i s  ovbious that viscous and sur face  tension e f fec ts  a r e  not included, 
Finite Size Bubble Theory 
Natural Frequencies  of the System. If the c i rcu lar  cylindrical e las t ic  
shell  is considered to  be a membrane  [ 121, i t s  governing equation can be 
writ ten as 
w + - w =  E P 
P sa, 2 PSh  
while the bubble equation [ 51 can be writ ten a s  
where the bubble natural  frequency is given a s t  
= %- and p1 = po + pLgdB 
2 
Equations ( 3 )  and (4) a r e  the governing equations for the shell  and 
bubble, respectively. 
ing the liquid. F o r  this analysis, we shall  apply quasi-one-dimensional equa- 
tions t o  the liquid region between the bubble and the shel l  ( this  assumption has  
a l ready been made for those regions where no  bubble exis ts ,  as was indicated 
above in the use  of the equivalent sonic velocity Ce).  
sys tem is shown in F igure  la, while the bubble coordinate sys tem is shown in 
It is fur ther  necessary  to have such an  equation govern- 
The tank coordinate 
t I t  should be noted that surface tension effects a r e  not included in this 
expr e s s ion. 
H r 
1 
Figure l a .  Tank coordinate system 
7 X 
1 f xo cos ut 
E , =  + A B c o s  X IO?? 
Figure l b .  Bubble coordinate system 
7 
Figure lb .  
tinuity equation yields 
Analogous to  Tarantine [13] ,  the average of the l inearized con- 
a p  PL aq - ( a -  aw ~ T P L  -
at A a x  A \ at at  
where q is the volumetric flow 
theoretical  purposes, we will consider only the case  of r B  = 0, where the 
bubble i s  located on the centerline of the tank. The development of Equa- 
tion (6)  appears in the Appendix. 
is 
udA, and A is the cross-sect ional  a r e a .  F o r  I 
Similarly,  the l inearized momentum equation 
Now, assuming the existence of periodic motion and using Equations (3) 
and (4) to eliminate w and A B  f rom Equation (6) ,  we have 
- * = - . -  1 P L  3 
2 a t  A a x  
‘eB 
where 
b2 
a 
A* = [l - t 5*2] 
These equations a r e  valid in the range 
" 
It may  be noted that C,B can be considered an effective sonic velocity in the 
above range of c* (i .  e . ,  in a c r o s s  section that cuts through the bubble), and 
that outside this range i t  becomes 
r 2  
the effective sonic velocity in an elastic tank in which no  bubble is present .  
If S2$ < w 2  and RB - w2 is small ,  then C,B becomes imaginary, and i t  can no 
longer be interpreted as an  effective sonic velocity. 
2 
Equations ( 7 )  and (8) can be combined to give the nondimensional 
equation 
where 
p * =  P 
PLgoa 
x* = x / a  
The boundary conditions a r e  
X o 0 2  w = -  
ax* cos wt a t  x* = 0 g0 
In order  to  solve Equations (11) for the p r e s s u r e  p*, it i s  necessary  
Details of such a numerical  solution a r e  given 
In essence,  Equations ( 1  1) reduce to  a ma t r ix  equation 
to use  a numerical  solution. 
in the Appendix. 
{[AI - A2LBI) [PI = [cl (124-i  
t [A] ,  [ B ] ,  [C] a r e  mat r ices ,  the elements of which a r e  given in the Appendix. 
9 
where 
The natural  frequencies of the combined sys tem a r e  then obtained f rom the 
determinant 
I[A] - A$[B] I = 0 ( 12b) 
The lowest eigenvalue i s  determined by repeated l inear  interpolation of the 
determinantal  equation. 
since [ B] depends on the frequency w, thus on A .  
Standard eigenvalue subroutines a r e  not applicable 
Average Force  on Bubble. In view of the var iables  shown in F igure  lb ,  
the t ime average of the ver t ical  component of force  that r e su l t s  f rom the inte-  
gration of p re s su re  over the bubble surface can be expressed  as 
The evaluation of this integral  i s  given in the Appendix. 
sional resul t  for the induced buoyancy force  is 
The final nondimen- 
where 
and 
Here,  vo is the equilibrium volume of the bubble, and it is understood that 
( - )  represents  the amplitude of a n  oscil latory variable.  
Equations (13) must  be ca r r i ed  out using a numerical  p rocess .  
tion of this  process  is  given in the Appendix. 
The evaluation of 
The formula-  
Small  Bubble Theory 
I -  
For  the case of bubbles that a r e  smal l  relative to the tank dimensions, 
the above theory must  necessar i ly  reduce to  that of Bleich [5] a s  applied to  a 
quasi-one-dimensional (plane wave) approximation [7]  . Thus, Equation ( 1  l a )  
reduces to  the nondimensional wave equation, and, a s  given in Reference [ 7 ] ,  
natural  frequencies of the closed-open elast ic  tank containing liquid can be 
approximated by 
TT 
w H  oi - -  a ( 2 i  - 1) - 
Ce 2 
Then, in o rde r  to determine the induced vibrational force on the smal l  bubbles, 
f rom Equations (13), we have 
a 
b 
- D* 
( 1  - ;)
and the average nondimensional induced buoyancy force  is 
which is the equation developed in Reference [ 7 ] ,  providing that we introduce 
Upon using the one-dimensional wave equation to obtain the p r e s s u r e  
and p r e s s u r e  gradient as was done in Reference  [ 71, and using Equation (5) ,  
Equation (15) can be expressed in t e rms  of the var iables  in Equation ( 2 )  as 
follows : 
11 
This expression gives a useful relationship for  estimating the average induced 
buoyancy force for small bubbles in any gravity environment. 
to  determine the bubble pa rame te r s  a t  which the resu l t s  predicted by Equa- 
tions (13)  begin to deviate f rom those predicted by Equation (16).  
It is des i rab le  
In order to  study the interaction of the induced average buoyancy force  
given by Equation (16 )  and a steady, but small gravity force,  it  is convenient 
to combine the two forces  s o  that positions of bubble equilibrium (s tab le  or 
unstable) a r e  determined in a vertically vibrated tank. 
done for large steady gravity forces  in Equation (19) of Reference [ 71 . By 
changing the variables in this equation to include all those given in Equation ( 2 )  
This  has  a l ready been 
of the present  report ,  we have 
- -  
dB w 2 sin ( T  G) 
g0 
But, f o r  
this becomes 
2 -=/%E xOW 
go 
1 2  
Equation (18) gives the input acceleration required to  cause a sma l l  bubble to  
be in equilibrium a t  a given depth d g  in a vertically oriented and vibrated 
e las t ic  tank. 
has  been made  that 
It should a l so  be noted that in this expression an assumption 
13  
111. EXPERIMENTAL APPARATUS 
The apparatus used fo r  the experiments of the present  study i s  shown 
in the photographs of Figures  2 through 4. 
used for both the vertically and horizontally oriented tanks,  except for the 
bulkheads on the tank and some par ts  of the instrumentation. 
counterweighted captive bubbles were used in both cases ,  and water  was used 
for  the model liquid. 
Basically, the same apparatus was 
Similar types of 
Ve r t  ic a1 Or ie nt a t  ion 
Figure 2 shows the vertically oriented tank containing a captive bubble. 
The Lucite tank (E = 800, 000 psi)  had a mean diameter  of 25. 1 c m ,  was 
50.3 c m  long, and had a wall thickness of 3. 18 mm. Thus, the inner radius 
was 12.4 cm. All ver t ical  t e s t s  were run with a water  depth of H / a  = 3.69. 
The tank is shown with its lower flange mounted on a rigid flat bottom that is 
bolted direct ly  to the shaker  armature.  
The captive bubble is  made of a thin rubber balloon with an a i r  valve 
at the bottom. 
The balloon was counterweighted to  be exactly neutrally buoyant in a 1 -go 
field at the depth that force measurements  were  taken. 
counterweight sys tem was attached to a thin cantilever beam force t ransducer  
which was  fixed to  a rod that extended down into the tank. The force t r a n s -  
ducer  had one semiconductor s t r a in  gage on top and one on the bottom of the 
beam nea r  i ts  root. 
ated instrumentation allowed force readings to within about 10 dyn. 
su re  distributions in the liquid were  measured by means of a miniature 
p re s su re  t ransducer  mounted in the 3 .8 -mm diameter  rod that extends into 
the left side of the tank in Figure 2.  Referr ing to Equations (1)  and (2), the 
tes t s  for  the vertically oriented tank were  conducted so  that the following 
pa rame te r s  were  held constant unless otherwise noted on the results:  
Thus, the amount of a i r  in the balloon could be adjusted. 
This balloon- 
High sensitivity of the semiconductor gages and assoc i -  
P r e s -  
y = 1 . 0 ,  - -  Le - 0.184, & =  1.0 
CO go 
Other independent pa rame te r s  in Equations ( 1 )  and ( 2 )  were  var ied in o rde r  to  
determine their  influence on the natural frequencies and average induced 
buoyancy force.  
15 
Figure  2. Captive bubble in vert ical  t ank  
16 
F igu re  3. Overall experimental apparatus 
F igu re  4. Captive bubble in ho r i zon ta l  t ank  
17 
A photograph of the overal l  apparatus i s  shown in F igure  3 ,  while 
simplified diagrams of the instrumentation a r e  shown in F igures  5 and 6. 
It can be seen  that the instrumentation f o r  sinusoidal excitation i s  consider-  
ably s impler  than that for random excitation. 
is f i l tered to  remove dynamic components S O  that only the des i red  average 
signal could be read on a DC digital vol tmeter .  
represent  the true dynamic buoyancy force since some dynamic signal was 
generated by the liquid p r e s s u r e  acting on the beam alone; however, the 
average force was that f rom the bubble only. 
In both cases ,  the force signal 
The dynamic signal did not 
It can  be seen f rom Figure 6 that a somewhat res t r ic ted  fo rm of r an -  
That i s ,  a relatively nar row band (3-db bandwidth dom excitation was used. 
of 20 cps)  of random signal was used as the excitation for  this case .  This 
par t icular  form of random signal was used since the average bubble force 
that it produced could more  directly be compared with that obtained f rom 
the sinusoidal excitation when the center frequency of the bandwidth was se t  
equal to the frequency at which sinusoidal data  were  obtained. Input accel-  
erat ion was measured in r m s - g ' s  by using the instrumentation indicated. 
The excitation signal was applied for 25 sec  and integrated to obtain the r m s  
value. 
averaged by sight reading of the digital voltmeter and oscilloscope. The 
25-sec averaging period was determined to be adequate to produce a 95 -  
percent confidence level in the measured values. 
The force signal, which var ied somewhat during this t ime,  was 
Horizontal Orientation 
A photograph of the horizontally oriented tank has been shown in 
Figure 4. 
same as that previously descr ibed;  however, he re  it was fitted with Lucite 
hemispherical  bulkheads on both ends. 
heated 3 .18-mm thick Lucite sheets ,  and var ied in thickness to 1 . 5 9  mm 
at the center  after formation. 
vided through a c i rcu lar  bracket attached to one flange of the tank. Four  
ver t ical  supports were  used to absorb the deadweight of the ent i re  system. 
The cylinder which formed the center  portion of this tank was the 
These bulkheads were  blown f rom 
Horizontal longitudinal excitation was p ro -  
For  this orientation, the captive bubble was counterweighted to where  
it was just  neutrally buoyant onthe centerline of the tank. 
friction at the contact point between the weights and the tank wall. 
the bubble was f ree  to  move under any horizontally applied force.  
were  made of steel  so  that an external  bar  magnet could be used to move the 
bubble to different positions in the tank. 
bubble s ize  and counterweights had to be made while one end of the tank was 
open and setting vertically.  
This reduced 
Thus, 
The weights 
Of course ,  all adjustments in 
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I I I. 
lo1 
Shaker 
Console 
i 
Digital Voltmeter 
Oscilloscope 
930 
-
f igure 5. Sketch of instrumentation for sinusoidal excitation 
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As can be seen from Figure 4, a p re s su re  probe s imi la r  to that p r e -  
viously described was used for  measuring p r e s s u r e  distributions. 
the probe was straight and was inserted into the tank through a rubber plug 
at the center of the free-end bulkhead. 
taken on the captive bubble since this would have required a considerably 
more  elaborate force  t ransducer  design because of the inaccessible location 
of the bubble for  this condition. However, a qualitative indication of the 
force could readily be obtained by visually observing how rapidly the bubble 
moved f rom a given initial position for given excitational conditions. 
Here,  
Fo rce  measurements  were  not 
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IV.  THEORETICAL AND EXPERIMENTAL RESULTS 
Ve r t  ic a1 Orientation 
Natural Frequencies  of System. The importance of the axisymmetr ic  
modes of oscillation on bubble dynamics in a longitudinally excited tank has  
a l ready been emphasized. 
f i r s t  two of these modes as they occur for bubble-free liquid in the present  
experimental  system. 
bubble at various axial locations in the tank would cause only insignificant 
distortions in the shape of this pressure  as well a s  insignificant changes in 
the natural  frequency, whereas  l a rge r  bubbles would cause marked changes 
in both. Evidence of the influence of both bubble s ize  and axial position on 
the natural  modes of the sys tem containing a bubble i s  shown in Figures  8 
and 9. 
Figure 7 shows the p re s su re  distribution for  the 
It may be anticipated that the presence of a smal l  
Figure 8 shows both theoretical and experimental  values of natural  
The theoretical  values obtained for the frequency for the first mode only. 
two l a r g e r  bubbles were  computed numerically f rom Equation (1 2 )  using 
twenty increments  (N = 20)  ac ross  the bubble, while the sma l l  bubble theory 
values were  obtained f rom Equation (14). It may  be recalled that sma l l  
bubble theory assumes  the existence of a plane water -hammer  wave 
that is  not influenced by the presence of a bubble. 
expected, only the experimental  values for the smal les t  bubble cor re la te  well 
with these values.  F o r  the two l a rge r  bubbles, it can be seen  that good c o r -  
relation is  obtained with the finite bubble theory,  with the best  correlat ion 
occurr ing for the la rges t  bubble. 
f rom the finite bubble theory involved an e r r o r  of about 20 percent,  and, in 
one case ,  it failed to  converge within thir ty  i terations.  In view of this t rend ,  
it is  believed that the discrepancy resul ts  principally f rom the fo rm [Eq. (5)l 
of the theoret ical  coupled bubble frequency (02) used in computing the 
theoretical  frequency ( w o i )  of the combined system. More accurate  resu l t s  
probably could be obtained by including surface tension t e r m s  (par t icular ly  
for a captive bubble made f rom a rubber balloon). 
s ize  in the numerical  p rocess  probably would also improve the resu l t s .  
Thus,  as would be 
For  the smal les t  bubble, numerical  resu l t s  
Use of a sma l l e r  m e s h  
A s imi la r  dependence of natural  frequency on bubble s ize  and axial 
position is shown in Figure 9 for the second mode. No theoret ical  resu l t s  
were  computed for this mode. 
that  the concentrated compliance of a bubble produces the most  significant 
change in frequency when it is located near  an antinode of the p r e s s u r e  d i s -  
tribution of a given mode. Although the shape of the p r e s s u r e  wave was not 
determined with a bubble present ,  it would be expected that the most  d i s to r -  
tion would occur with the bubble at these locations; with the bubble near  a 
It i s  obvious f rom the resu l t s  for both modes 
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First mode Second mode 
Normalized pressure 1078 
Figure 7. Pressure distribution for first two axisymmetric modes 
in vertical tank without bubble 
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position of bubble in vertical tank 
node, the pressure  wave fo r  the f i r s t  two modes would look essent ia l ly  like 
those in Figure 7.  These resul ts  show that a bubble s ize  of about b / a  = 0 .05  
is the l imit  above which the smal l  bubble theory no longer gives a good 
approximation to the natural  frequency of the sys tem,  while the finite bubble 
theory does not appear to give useful resu l t s  below this l imit .  
The data in Figures  8 and 9 were  al l  obtained for  bubbles located 
The effect of an eccentr ic  
Of course,  the values at  r g / a  = 0 correspond to values f rom 
Only the la rges t  bubble appeared to  cause significant change in 
along the central  axis of the cylindrical tank. 
bubble position on natural  frequency is  shown for the f i r s t  mode only in 
Figure 10. 
Figure 8. 
natural  frequency as the bubble radial  position was var ied.  
data were  taken only for  points where the bubble did not touch the wall of the 
tank. 
The experimental  
Bubble Force  for Sinusoidal Excitation. Theoretical  and experimental  
correlation for the average induced buoyancy force on a medium sized bubble 
is  shown in Figure 11 for severa l  bubble depths. Input acceleration was held 
constant, while frequency was var ied.  
a numerical  solution of Equations (13). It can be seen that good agreement is 
achieved, except at higher frequencies,  for the smal les t  bubble depth. At 
this point, the theoretical  coupled natural  frequency [Q B given by Eq. (5)]  
of the bubble itself influences the resul ts .  
never occurred in the experimental  sys tem at the predicted value. It has 
been mentioned that including surface tension effects probably would improve 
the resu l t s .  This may not be surpr is ing since the theory assumes  the p r e s -  
ence of a pure gas bubble, and the captive bubble, having been made  f r o m  a 
rubber balloon, could at best  only approximate the assumed form and would 
include grossly exaggerated surface tension effects because of the elasticity 
of the balloon. The t rend of the data, which shows grea te r  discrepancies  
for  converging bubble frequency and sys tem frequency, is consistent with 
that shown in Figure 8. 
The theoretical  resu l t s  a r e  based on 
Apparently, this natural  frequency 
The marked influence of the bubble mode on the induced buoyancy force  
as indicated by the theoretical  curve in Figure 11 does not appear t o  occur  
experimentally. However, the effect of the coupled axisymmetr ic  mode of 
the combined sys tem is  vividly displayed by the peak which occurs  at the 
natural  frequency for this mode. It should be emphasized that the force 
parameter  is based on a 1-go steady acceleration, and, although the indicated 
values a r e  small ,  they can be quite significant under cer ta in  conditions, a s  
will  be shown in the subsequent figures.  
Additional experimental  data  for induced buoyancy force  a r e  shown in 
Figure 12 for the same bubble and depths indicated above. However, he re  
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1084 Acceleration amplitude, x,w21go 
Figure 12a. Influence of excitational acceleration on induced buoyancy force 
on bubble in sinusoidally excited vertical tank 
( Bubble near liquid surface ) 
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each curve is for a fixed input frequency, while input acceleration is var ied,  
It i s  interesting to note that each curve appears  t o  be a parabola of some form.  
Fur the r ,  negative forces  a re  experienced for excitational frequencies beloww/wol = 
1. 0,  while positive forces  can be experienced fo r  frequencies above this , depending on 
the depth of the bubble. 
direction of the p re s su re  gradient on the direction of result ing average force.  
Damping in the sys tem resul ts  in the w / w o l  = 1 . 0  curve not exactly coinciding 
with the negative ordinate axis. 
of F igure  12a, b, or c ,  the rat io  w / w o l  is based on the first mode natural  
frequency corresponding to  the bubble depth for that figure. 
f rom one depth to  the other,  as  indicated in the middle curve in Figure 8. 
These results c lear ly  indicate the influence of the 
It should be emphasized that,  in each par t  
Thus, wol  var ies  
It now becomes pertinent to determine the range of bubble s izes  over 
which the small bubble theory will give a reasonable approximation to  average 
induced vibrational force .  
dicted by Equation (16) with experimental data  is shown in Figure 13. Here 
also, as  in Figure 8 ,  it can be seen that a bubble s ize  of about b / a  = 0 .05  is 
the l imit ,  beyond which the sma l l  bubble theory no longer gives a good approxi- 
mation to the bubble behavior. The downward curvature  of the theoret ical  
curves  i s  a resul t  of the coupled bubble resonance, mentioned previously. 
Again, it can be seen that no such behavior occurred experimentally. 
be noted that,  i f  the assumption o << R B  is  made in Equation (16),  then the 
force  is independent of bubble s ize ,  and the resu l t s  f rom the small  bubble 
theory become a s e r i e s  of horizontal s t ra ight  l ines,  each passing through its  
respective value at b / a  = 0 in Figure 13. 
with the experimental  resul ts  would be achieved up to a bubble s ize  of about 
b / a  = 0. 2 for  the cases  shown. 
comments regarding surface tension effects. 
F o r  this purpose,  a comparison of resu l t s  p r e -  
It may 
Thus,  an even bet ter  correlat ion 
This resul t  is  consistent with the previous 
Several  cautions should be exercised in interpreting the resu l t s  
indicated in Figure 13. 
undoubtedly influences the resul ts  to some presently unknown extent. 
indication of this influence is the fact that a value of y = 1 . 4  ra ther  than 
7 = 1. 0 had to be used to  compute the theoretical  curves  in o rde r  for the 
resu l t s  to  fall near  each other.  This, of course,  i s  contrary to what has 
been determined in previous studies, as was mentioned in the introduction. 
However, as  has been mentioned, the balloon added stiffness to the bubble, 
and increasing the factor 7 would tend to allow for  this increase.  Fu r the r ,  
data  of this type should be compared over a wider range of frequencies 
before a complete confidence can be given to  the conclusions that the figure 
points toward. 
0. 05 probably is a reasonable l imit  for the application of the smal l  bubble 
theory. 
The form of captive bubble used for  the experiments 
One 
However, it is felt at the moment that a bubble s ize  of b / a  - <
33 
LL 
0.010 
0.005 
0 
- 0.005 
- 0.010 
- 0.015 
- 0.020 
- 0.025 
I I I I 
Small bubble theory --- Exper i men t 
rBla  = 0 ,  xow21go= 0.6 
y = 1.4 ( I n  theory 1 
dBIH = 0.389, ( wlw0 , wo,alCo 1 Indicated 
( 0.4, 0 . 0 3 2 3 ,  
( O e 4 ’  0.4, 0.0604 1 / 
-,--e--- t 0.6, 0.0322 0 
( 0.8, 0.0734 1 
(0.8, 0.0604 I-/ 
-0.030 0 0.05 
Figure 13. 
I I I 
0.10 0.15 0.20 
Bubble size, b l a  
Influence of bubble size on induced 
in  sinusoidally excited 
I I 
1086 
buoyancy force on bubble 
vertical tank 
3 4  
In o rde r  to get some idea of the amplitudes of input acceleration that 
can influence bubbles in a low gravity environment, numerical  resu l t s  based 
on Equation (18) a r e  shown in Figure 14. 
chosen as  typical for a prototype system in ear th  orbit ,  and excitational f r e -  
quencies a r e  below and in the vicinity of the first natural  mode of the sys tem 
(+ = IT). F o r  a given curve at a given depth, all bubbles will r i s e  for input 
accelerations below the curve,  and w i l l  s ink f o r  accelerations above the curve.  
Thus,  bubbles may collect at various depths, depending on the frequency of 
excitation. 
move the bubbles about. 
puting these resu l t s ,  they a r e  nearly the same  for  7 = 1.  0 in this ca se ,  a s  
can be seen  f rom Equation (18). In Reference [ 7 ] ,  a s imi l a r  plot has been 
given for  bubble behavior in a 1-go environment. 
The various fixed pa rame te r s  were  
It can be seen that very low input accelerations a r e  required to 
Although a factor of Y = 1 . 4  has been used in com- 
Bubble Force  for  Random Excitation. Average induced buoyancy 
force measured  under random excitation is  shown in Figure 15 f o r  other con- 
ditions that were  s imi la r  to  those in F igure  12. In this case ,  however, the 
acceleration is  rms - go's ,  and the frequency parameter  W / W  i s  based on 
the center  of the 20-cps random bandwidth excitation. 
force in this ca se  continued to fluctuate randomly, and an average of this 
fluctuation was measured ,  whereas  the average force assumed a steady 
value for  pure sinusoidal excitation. In general ,  it can be seen that, qualita- 
tively, similar resu l t s  are displayed in the bubble behavior, even under r an -  
dom excitation. An important consideration, of course ,  i s  that random 
excitation does not necessar i ly  produce random response ,  as is the case  
he re  where a definite average force appeared. 
the p r e s s u r e  response in the system itself acts  as a mechanical f i l ter ,  
favoring those frequencies near  the natural  modes of the system. The 
responses  at these frequencies then have the m o r e  pronounced effect on the 
bubble behavior. 
01 
Fur the r ,  the measured  
It may also be suspected that 
Hori zont a1 Orient at  ion 
As was mentioned previously, force data  were  not obtained for the 
bubble in the horizontally oriented tank because of the inaccessibility of the 
bubble for this case .  The tes t s  were conducted pr imar i ly  to obtain qualita- 
tive indications of the behavior of a more  representat ive sys tem for the case  
where a ullage bubble exis ts  in the tank under low gravity. 
horizontal  component of gravity was t ru ly  ze ro  in this case .  The feasibility 
of the use of this arrangement  f o r  further studies of bubble behavior a t  s i m -  
ulated low gravity conditions was readily demonstrated.  
frequency data  were  obtained for the sys tem experimentally and will now be 
pr  e s ented. 
Of course ,  the 
Quantitative natural  
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The pressure  distribution along the tank axis is shown in F igure  16 
for  the f i r s t  two axisymmetr ic  modes in this sys tem where no bubble is 
present  in the tank. The f ree  ends of the tank are reflected in the shape of 
the p r e s s u r e  wave. Ideally, it  would appear that these modes should be 
symmetr ica l  about the tank center .  
through the influence of the tank support and excitation system. 
p r e s s u r e  distributions, of course,  correspond to  those shown in Figure 7 
for the vertically oriented, closed-open tank having a f ree  surface.  
The distortion may have resulted 
These 
The effect of bubble s ize  and axial position on natural  frequency is 
shown in Figure 17 for the first mode only. 
the presence of the bubble compliance has  the least  influence on the sys t em 
when the bubble is near  the antinode of the undistorted p res su re  distribution. 
Some idea of the distortion in the p re s su re  wave can be obtained f rom 
Figure 18, where the p re s su re  nodal position is plotted against bubble axial 
position. All measurements  were  made with the bubble on the centerline of 
the tank . 
Here also,  it can be seen  that 
With the sys tem in the horizontal orientation, a l l  s izes  of captive 
bubbles could readily be moved about to various axial locations in the tank, 
depending on the excitational conditions. Acceleration inputs of as l i t t le as 
0. 05-go could cause the bubbles to  move for  frequencies near  a natural  mode, 
providing that the bubble was not initially located at an equilibrium position. 
In general ,  the bubbles would move toward the points of increasing p r e s s u r e  
amplitude (against the p re s su re  gradient), a resu l t  which fully agrees  with 
e a r l i e r  observations in other sys tems.  
bubble was  allowed to move, the natural  frequency of the sys tem would change 
accordingly. Thus under cer ta in  conditions, the bubble motion would 
accelerate ,  f rom unstable positions for  a constant input amplitude. It could 
readily be seen that bubbles would tend to  collect at definite locations in the 
tank, depending on the input eonditions. 
qualitatively in this tank for  random input conditions. 
However, in this case  where the 
Similar  behavior was also observed 
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V. DISCUSSION 
The finite-bubble theory developed in the present  work, in essence ,  
is an extension of previous resu l t s  that have been developed for small  
bubbles only. 
resu l t s  over different ranges of bubble s ize .  
both theories ,  however, in that they a r e  directly applicable only to axisym- 
me t r i c  p re s su re  distributions that can be expressed in t e r m s  of plane water -  
h a m m e r  waves,  and both a r e  influenced by the theoret ical  bubble mode, the 
t rue  value of which remains uncertain. It is believed that,  by including 
surface tension effects,  the resul ts  for  smal l  bubbles could be improved 
considerably. 
One complements the other in that each appears to  give useful 
Similar  res t r ic t ions apply to  
Recent work on axisymmetric modes of oscillation in tanks of r ep re -  
sentative space vehicle geometry indicates that the plane wave p res su re  dis  - 
tribution assumption is  not particularly good at liquid depths in the range 
H / a  < 2.  
for  a finite bubble s ize ,  it is obvious that ex t reme difficulty will be encountered 
in developing a more  accurate  theory, and finite element numerical  techniques 
employing smal l  mesh  s izes  will  have to  be used in the solution of the equations. 
However, it  appears  that a complete prediction of bubble behavior under given 
conditions of vibration can be obtained in no s impler  fashion. 
In view of the methods required to  solve even the simplified case  
It should be emphasized that, to  date, ve ry  l i t t le work has been 
accomplished in studying bubble behavior in tanks that a r e  vibrating in non- 
axisymmetr ic  modes. N o  work at all has  been done for the case  of bubbles 
in a tank vibrating in nonlinear modes. Of course ,  a vehicle liquid-tank 
sys t em can respond in seve ra l  types of modes,  each of which probably will 
cause different patterns of bubble migration. Even for the case  of smal l  
bubbles, the main problem appears to  be in f i r s t  predicting the p re s su re  
distribution within the liquid, for whatever kind of mode the sys tem may be 
experiencing. This can be a formidable task  i tself ,  and the addition of finite 
bubble s ize ,  then, fur ther  complicates the problem. 
Upon comparing the present resu l t s  of the small bubble and finite 
bubble theories  for axisymmetr ic  responses,  it  appears that useful approxi- 
mations can be obtained f rom the s impler  theory for bubble s izes  up to  about 
b / a  = 0. 05. This resul t  i s  quite significant when it i s  real ized that the l imit  
a l ready represents  a bubble of about 0,. 5-meter  diameter  in a tank of the 
s i ze  of those used in an S-IC booster. In fact, a single bubble of that  s ize  
probably would not exist  in a vibrational environment but would break up into 
a c luster  of sma l l e r  bubbles. However, according to  Bleich's approximations, 
the behavior of the cluster  would be s imi l a r  to that of a single la rge  bubble 
4 3  
of the s a m e  size. 
large enough to be a hazard in the propulsion sys t em of the vehicle. 
Obviously, bubbles or  c lus te rs  of this s ize  a l ready a r e  
The fact  that bubbles can be moved about with random inputs, and 
that low inputs a r e  required under low gravity conditions i s  mos t  significant. 
This definitely points toward potential problems being caused by migrating 
bubbles under orbital  conditions e Again, however, the p re s su re  response 
in the tank must be considered in o rde r  to gain even a qualitative idea of the 
bubble migration pattern. Unfortunately, the p re s su re  response depends 
greatly on the kind of excitation as  well as how it is  applied to  the tank. 
other words,  the effeLts of on-board noise sources  in orbit  mus t  be evaluated. 
In 
Orienting an experimental  tank horizontally appears  t o  be a very  good 
way of simulating low gravity conditions under which to study longitudinal 
migration of bubbles. 
captive bubbles a r e  inherent; however, much can be learned f r o m  m o r e  work 
with such an apparatus. 
inputs can readily be evaluated for excitational inputs at virtually any loca-  
tion on the tank i f  suitable supporting fixtures a r e  provided, 
Of course,  the approximations involved in  the use of 
Bubble motion under e i ther  sinusoidal o r  random 
In general ,  it  may be concluded that the present  work has served  to  
point out the definite potential of bubble behavior as a problem under low 
gravity conditions, and that a good knowledge of this behavior under var ious 
environmental conditions can be gained only at the expense of considerably 
more  work, both theoretical  and experimental .  
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APPENDIX 
1. Quasi-One-Dimensional Flow Equation 
An equation for  average flow will be de te rmined  f o r  the region 
occupied by the liquid. 
in some  c r o s s  section which cuts  through the bubble in the tank a s  shown in 
F igu re  A-1. 
Consider cylindrical  coordinates with origin located 
Let  the shaded a r e a  which includes the liquid only be  
In th i s  region, the continuity equation appl ies  
3 t pL div u' = 0 
at 
In o r d e r  to consider the average  flow through the shaded a rea ,  we may 
integrate this  equation t o  obtain 
Considering the cylindrical  coordinates  located at the center  of Ai 
(e i ther  A1 or A 2 ) ,  we may wr i te  
where  
and 
q i =  J uxdAi 
Ai 
Figure A - 1  
Figure A - 2 
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In order  to evaluate the above integrals,  we consider the boundaries 
of the liquid. 
boundaries ( 1  and 2) .  
wr i te  them a s  
The shaded a r e a  of liquid is dependent on two geometr ical  
In the specified cylindrical  coordinate system, we can 
F -  = r - Ri(8, x. t )  = 0 1 
Since 
aF aF d F i  = - d r  t rde  t -dx 
ar r ae ax 
the function Fi increases  along the normals  which have direction cosines  
A 1 [ 1 aRi a ~ i ]  
[ c o s  (;i, r ) ,  cos  e) ,  cos  (ni l  x ) ]  = -  1, - -  -G r ae ' ax 
where 
F r o m  Figure A2, i t  can be seen that 
Thus, a s  in Lamb [ 141, we may equate the normal  velocity of the boundary ( i )  
to the normal  velocity of the fluid at  the boundary ( i )  
o r  
Thus, we m a y  wri te  Equation (A2) a s  
5 2  
so  that Equation ( A l )  Decomes 
- a p  + p L a 4 + 2 T T -  PL (R2-- aw2 Rl-)= a w  0 
at  A ax A a t  a t  
F r o m  F igure  A-2, i t  can be seen that 
a w l  anB 
at  at 
sin X , R1 2 b sin x - - - -  
and 
- - -  a w 2 -  aw , R 2 = a  
at  at  
Hence, w e  obtain 
2. Evaluation of Induced Buoyancy F o r c e  
The t ime  average  of the ver t ical  fo rce  on a bubble in a vibrated 
liquid (Fig.  l b )  is  
TT 
F = - 2~ 1 p(Sl)(b t AB)2 sin X cos  x dx 
0 
By noting that 
61 = f  +AB cos  x 
and using the f i r s t  two t e r m s  of the Taylor expansion, 
and, notingthat p(6) and AB a re  periodic in t ime,  we may wri te  
n r ,  
0 0 
F = - 21~bA2 f p”(6) C O S X  sin X dX - -rrb2aB I cos2  X sin X dX 
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Now, note that 
5 = b cos X. 
and, f r o m  integration by pa r t s ,  we have 
TT 
T T A  
$(g) cos X sin X dX = - [I; cos2  X] - / $cos2 X s in  X dX 2 
0 0 
and the average force  may therefore  be expressed  as 
F = -  ~ b A g  [&b) - &-b)I  
and, nondimensionalizing, it becomes 
3 .  Numerical  Solution for  Natural  Freauencies  
A seminumerical  procedure i s  employed in solving Equation (11) .  
F o r  the assumed condition of plane-wave flow, the s imple s ine and cosine 
so'lutions for  the liquid column that a r e  subject to the conditions 
\ 
where 
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where  
These  equations becom' boundary conditions for  the bottom and top of the 
bubble, respectively, and a numerical  solution is now c a r r i e d  out for  the 
region including the bubble. 
Using cent ra l  difference formulas  and taking net points a t  the centers  
of each interval a c r o s s  the bubble region, Equation ( l l a )  reduces to the 
difference equation 
where 
and it is  now understood that the p r e s s u r e s  a r e  nondimensional (p:*'s). 
using N increments  in the bubble region, the result ing N equations can be 
expressed  in m a t r i x  f o r m  as 
By 
where 
and [ C ]  i s  a column ma t r ix  made  up of the constants result ing f r o m  applying 
the boundary conditions at  c::: = f b /a .  
F o r  convenience in expressing the elements of these ma t r i ces ,  we define the 
following quantities: 
[ A ]  and [ B ]  a r e  square  ma t r i ces .  
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where 
oa 
aN Ce 
A = -  2b , fie=- 
W e  now consider  the elements  of [ A ]  and [B] f o r  s epa ra t e  c a s e s  of n. 
1) F o r  2 5 n 5 N  - 1: 
Other e lements  a r e  zero .  
2) F o r  n = 1: 
der ived  f r o m  
t 
( p : ) - 1  - (p* + P l )  x::: = x-/a - 2  0 
sin ( Q 5) - Q (pqx::: = x-/a e a  e - P1 - P o ,  ap” 
cos  \ae%) / 
x::: = x - / a  
A - (ax:::) 
2 
XOW 1 - -  ‘ x-\ 
go cos (Re  
\ ai 
Other e lements  a r e  zero .  
3 )  F o r  n = N, 
’ - H) 
a 
1 t 3 2  cot ( aeX 
- 2 
2 
An, n - AA, n +  (A;, n t  1) 
This  is because 
( p N t l f l - ~  cot ( Re x t - ~ j ]  a = p N [ l t -  2 cot ( ae xt a - HI] 
de r ived  f rom:  
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X' - Hj, 
p N ' p N t l  
as  p r e s s u r e  i s  zero  at the liquid sur face ,  x = H. And 
cn = 0 
All other  elements a r e  zero.  
4. Numerical Solution for  Induced Buoyancy Force  
Equations (13) must  be solved numerically using the s a m e  ma t r i ces  
given above. 
hence a given A ,  and must  solve Equations ( 1  1) for  the appropriate p r e s s u r e s  
in the region occupied by the bubble. 
However, we now specify a given excitational frequency (a), 
Thus,  we must  numerical ly  solve 
and the resu l t s  a r e  used to  solve Equations (13a), (13b), and (13c) numer i -  
c ally. 
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